Motivated by recent experiments on interacting cold atoms, we analyze interaction quenches in Luttinger liquids (LL), where the interaction is ramped from zero to a finite value within a finite time. The fermionic single particle density matrix reveals several regions of spatial and temporal coordinates relative to the quench time, termed as Fermi liquid, sudden quench LL, adiabatic LL regimes, and a LL regime with time dependent exponent. The various regimes can also be observed in the momentum distribution of the fermions, directly accessible through time of flight experiments. Most of our results apply to arbitrary quench protocols.
A LL could also be driven out of equilibrium through transport [12, 13] , e.g., but here we shall concentrate on time dependent changes of the interaction parameter, which is of particular relevance for cold atomic systems. Sudden quenches (SQ) of the interaction in LLs have been considered recently by several authors [14] [15] [16] , and the idea of the other extreme limit of adiabatic parameter ramps is often invoked, too. However, experimental ramps cannot take infinite time, and are not instantaneous, either. Here we study, how a nonzero quench time, τ = 0, influences the final state of the system after a quantum quench. As we show, a finite τ leads to 'heating' effects, and generates excitations in the final state. Moreover, it amounts in the appearance of additional energy (∼ 1/τ ) and corresponding length scales: while in certain space-time regions the system reveals universal near-equilibrium (adiabatic) correlations [5] , in other regimes renormalized Fermi liquid (FL) or sudden quench (SQ) behavior is found.
Thus motivated, let us study the LL Hamiltonian [10] 
with ω(q) = v|q| (v being the bare "sound velocity"), and b † q the creation operator of a bosonic density wave. The interaction g is changed from zero to a nonzero value within a quench time τ , g(q, t) = g 2 (q)|q|Q(t), with Q(t) encoding the explicit quench protocol, and satisfying Q(t > τ ) = 1 and Q(t < 0) = 0 [33] . In particular, for a linear quench, Q(t) = tΘ(t(τ − t))/τ + Θ(t − τ ) with Θ(t) the Heaviside functions. This setting is very general, and equally applies to switching on the interaction in a spinless fermion system, quenching away from the Tonks-Girardeau limit of a 1D Bose gas [9] , or turning on the Z-component of the interaction in an XXZ spin chain [10] . To make contact with previous work [14] [15] [16] , here we focus on fermionic correlators in detail, but most of our results can be trivially generalized to interacting bosonic systems [18] .
We describe time-evolution using the Heisenberg equation of motion, leading to
and similarly, i∂ t b
Solutions of these are of the form
where all the time dependence is carried by the prefactors, u(q, t) and v(q, t), and the operators on the r.h.s. refer to non-interacting bosons before the quench. All expectation values are thus taken in terms of the initial density matrix of the latter (or vacuum at T = 0). The bosonic nature of the quasiparticles requires
with the initial condition u(q, 0) = 1, v(q, 0) = 0. Since both ω(q) and g(q, t) are even functions of q, u(q, t) and v(q, t) must be so, too. By Eq. (4), all time dependence has been transferred to the Bogoliubov coefficients, and therefore expectation values of the time dependent bosonic modes and non-equilibrium dynamics are calculable using standard techniques developed for equilibrium [10] , once the solutions of Eq. (4) are known. Before discussing a continuous quench, let's see how limiting cases are recovered from Eq. (4). The adiabatic limit follows from replacing g(q, t) with its time independent final value, and looking for the stationary solutions of Eq. (4) at a given energy while ignoring the initial conditions. The SQ limit requires only the replacement of g(q, t) by its final, time independent value, and solving the resulting linear differential equation with the initial conditions satisfied.
With a linear quench, Eq. (4) realizes the nonhermitian Landau-Zener model [19] , which can be solved exactly in terms of the parabolic cylinder function. However, the exact solution does not yield an immediate and transparent physical picture. Therefore, to obtain more insight, we assume that g(q, t) ≪ ω(q) (i.e., g 2 (q) ≪ v) for all t and q, and solve Eq. (4) perturbatively in the interaction. To lowest order in g 2 (q), we obtain u(q, t) ≈ exp(−iω(q)t) and
Higher order corrections to u(q, t) and v(q, t) are of order g 2 2 (q) and g 3 2 (q), respectively. We have also checked numerically that Eq. (5) is indeed applicable for any t and τ , as long as g 2 (q) ≪ v [34] . In the SQ (τ → 0) and adiabatic (τ → ∞) limits we obtain
reproducing to lowest order in g 2 (q) the SQ results [14, 16] and the equilibrium Bogoliubov transformation [10, 21] , respectively. We are now in position to obtain information about physical observables. We start with the evolution of the total energy of the system. We take the energy of our initial vacuum state to be zero. In the fermionic setting, this corresponds to measuring the energy with respect to the energy of the non-interacting Fermi sea. The expectation value of Eq. (1) is then evaluated in the Heisenberg picture, where the expectation value is taken with the non-interacting ground state, and v(q, t) and u(q, t) as obtained from Eq. (3) keeping track of the time evolution of the system. We thus obtain for H(t) after the quench (t > 0)
with n B (q) = 1/(exp(ω(q)/T ) − 1) the Bose function. The expression above is time independent for t > τ , as expected. At T = 0 and t > τ , and an interaction of finite range, g 2 (q) = g 2 exp(−R 0 |q|/2), we obtain
for a linear quench. Here we introduced the microscopic time scale, τ 0 ≡ R 0 /2v, and E gs = −Lg 2 2 /4πvR 2 0 is the adiabatic ground state energy shift to lowest order in g 2 , with L the system size. The second term corresponds to quasiparticle excitations resulting from the finite quench speed. In the SQ limit, τ ≪ τ 0 , the energy of the system is only slightly shifted [22] , H = E gs (τ /τ 0 ) 2 /2. This holds true for a general quench, i.e. H ∼ (τ /τ 0 ) 2 when τ → 0 with a quench dependent coefficient. In the adiabatic limit, τ ≫ τ 0 , on the other hand, the excess energy (or "heating") vanishes as −2E gs ln(τ /τ 0 ) τ 2 0 /τ 2 in accord with the so-called analytic response of Ref. [23] . This remains valid for general smooth quenches displaying kink(s) (discontinuity in the derivative) and bounded ∂ t Q(t). Smooth quenches without kinks but with bounded ∂ t Q(t) produce also a universal decay as ∼ 1/τ 2 , while the τ dependence of the heating becomes non-universal for protocols with a diverging ∂ t Q(t) [24] . The crossover between the SQ and adiabatic limits occurs when τ ∼ τ 0 , which typically translates to τ ∼ 1/J in an optical lattice, with J the hopping integral in the underlying microscopic lattice Hamiltonian.
In the fermionic context, the structure of the nonequilibrium dynamics can be well demonstrated by means of the fermionic one-particle density matrix. Since the fermion field decomposes to right-going and a left-going parts, Ψ(x) = e ikF x Ψ r (x) + e −ikF x Ψ l (x), it is enough to concentrate on the right-going part of the density matrix,
describing excitations around the right Fermi momentum, k ≈ k F . The right-going field, Ψ r (x), can be expressed in terms of the LL bosons as [10] 
where η r denotes the Klein factor, and φ r (x) = q>0 2π/|q|Le iqx−α|q|/2 b q + h.c.. Following standard steps [10, 11] , we obtain then
where G 0 r (x) = i/(2π(x + iα)) denotes the free fermion propagator, with α an ultraviolet regulator. At T = 0, the Bose functions vanish, and only v(q, t), i.e. the mixing between b q and b + −q determines the dynamics. Let us first discuss the properties of G r (x, t) long after the quench, t ≫ τ . In this limit, we can show [25] that, independently of the quench protocol, Q(t), the one-particle density matrix exhibits universal properties,
where γ SQ = g γ ad . Thus even for t → ∞, instead of one single powerlaw, G r interpolates between the SQ and adiabatic limits. This is shown in Fig. 1 for a linear quench [25] . Physically, it is easy to understand the cross-over behavior observed in G r : a finite-time quench is experienced by slow excitations of energy ω(q) < 1/τ as a sudden change, while fast excitations with ω(q) > 1/τ can adjust to the change in the interaction strength adiabatically. Since high (small) energy excitations determine the short (long) distance correlations, the tail of G r is governed by the SQ exponent [14] , while the short distance behavior is described by the adiabatic exponent. It is remarkable that for slow enough quenches, τ ≫ τ 0 , the quench time manifests itself explicitly through an adiabatically enhanced prefactor A ∼ (τ /τ 0 ) γ ad of the asymptotic tail as also shown in Fig. 1 . Thus while the spatial decay of Eq. (10) contains the SQ exponent, its τ dependence reveals the adiabatic LL exponent. For a finite t ≫ τ but 2vt ≪ |x|, G r (x, t) decays asymptotically as iZ(t)/2πx, with a finite quasiparticle weight,
Thus the exponent observed in Z(t) is identically γ SQ for t ≫ τ , but the finite quench time amounts in a quasiparticle weight increased by a factor, A ∼ (τ /τ 0 ) γ ad for τ ≫ τ 0 . Although these results were obtained perturbatively, they carry over to the non-perturbative limit, too, with the only exception that the exponents γ SQ and γ ad must be replaced by their exact value.
All these spatial features appear also in the timedependent momentum distribution of the fermions, n(k, t), directly measurable through time of flight experiments. In particular, at T = 0 and finite t ≫ τ , n(k, t) exhibits a jump of size ∼ Z(t) at k = k F , while it approximately scales for |k| ≫ 1/2vt as
fork ≡ k − k F , |k| ≪ k F , and t ≫ τ . Thus the time scale of the quench is also imprinted in the momentum distribution, which also shows a cross-over behavior between the SQ and the adiabatic limits. For adiabatic quenches, τ → ∞, we recover the equilibrium LL exponent, while close to k F , the momentum distribution is enhanced by a factor A(τ /τ 0 ) compared to the SQ behavior [14, 16] . The above analysis can be extended to the short time region, t ≪ τ , where the behavior found depends explicitly on the quench protocol [25] as
where γ(t) = g 2 2 Q 2 (t)/2v 2 + . . . . For short distances, |x| ≪ 2vt, the spatial correlations decay with a timedependent exponent, and this region can thus be characterized as a weakly interacting LL (t-LL). For |x| ≫ 2vt, on the other hand, similar to t ≫ τ , correlations remain almost unaffected by interaction, and a Fermi liquid regime is found. For t ≪ τ 0 , Z(t) ≃ 1 as in the initial Fermi gas, but for t ≫ τ 0 we recover a Fermi liquid behavior with a reduced quasiparticle weight as
0000000000 0000000000 0000000000 0000000000 0000000000 0000000000 0000000000 0000000000 0000000000 0000000000 0000000000 (14)), while in the time-dependent LL (t-LL) region a quench protocol-dependent weakly interacting LL is found with a time dependent exponent, Eq. (13). The dashed line denotes |x| = 2vt, i.e. the light-cone [2] . For τ ≪ τ0, the SQ physics of Ref. [14, 16] dominates everywhere.
The quasiparticle weight thus slowly decreases during the quench, and excitations remain similar to those in the initial Fermi gas with a reduced weight (Z < 1) for t < τ . After the quench, t > τ , the quasiparticle weight continues to decrease as a power-law, and it resembles to an interacting (heavy) Fermi liquid with 1/x spatial decay and Z ≪ 1 quasiparticle residue, Eq. (11), as was also found for sudden quenches [15, 16] . This situation is shown in detail in Fig. 1 , where Z(t) is plotted for the special case of a linear quench [25] . Our results are summarized in Fig. 2 .
The main effect of finite temperatures (T > 0) in Eq. (9) is to introduce a new time or length scale, 1/T or v/T , respectively, above which the power law behaviour of LL disappears, and gives way to exponentially suppressed behaviour as exp(−cT max[|x|/v, t]) with c some constant. Our findings in Fig. 2 [32] , and temperatures well in the quantum degeneracy regime were reached (T < 0.1 E F , with E F the Fermi energy). All these atomic systems feature tunable interactions, essential to address quench dynamics. Among these, 1D configurations have been realized using 40 K [26, 27] , 6 Li [29] , and the momentum distribution has been measured in time of flight (ToF) experiments in 2D [32] and 3D [28, 30] Fermi gases. Therefore, by applying ToF imaging or momentum resolved rf spectroscopy [26] , the observation of the momentum distribution of Eq. (12) is within reach for 1D fermions [26] . Furthermore, the specific momentum distribution of a LL has already been observed in the Tonks-Girardeau limit of 1D Bose systems [9] , which exhibit fermionic properties in this strongly interacting regime, and reveal after an interaction quench features similar to the ones found for fermions [18] .
In summary, we have studied continuous interaction quenches in LL, bridging smoothly between the SQ and adiabatic limits. The resulting dynamics is largely influenced by the finite quench time for fermions, and in particular, the momentum distribution exhibits a crossover from the adiabatic LL to that of the SQ with the extra adiabatic enhancement factor (τ /τ 0 ) γ ad , revealing both the equilibrium and SQ LL exponents. A finite quasiparticle residue is retained during the quench, reflecting the Fermi gas nature of the initial state, getting suppressed gradually after the quench. The variety of quench induced phases offers a unique opportunity to design low dimensional correlated states on demand.
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